Abstract. We show that if there exists an essential accidental surface in the knot exterior, then a closed accidental surface also exists. As its corollary, boundary slopes of accidental essential surfaces are integral or meridional. It is shown that an accidental incompressible Seifert surface is totally knotted. Example of satellite knot with arbitrarily high genus Seifert surfaces with accidental peripherals is given, and a Haken 3-manifold which contains a hyperbolic knot with an accidental incompressible Seifert surface is also given.
Introduction
For a properly embedded surface S in a 3-manifold M , a non-trivial loop l in S is called accidental peripheral if l is freely homotopic into ∂M in M but not in S, and S having an accidental peripheral is said to be accidental. An annulus A such that A ∩ S = ∂A ∩ S = l and ∂A = l ∪ l where l is an essential loop in ∂M , is called an accidental annulus.
Let K be a knot in the 3-sphere S 3 . We denote the knot exterior S 3 − intN (K) by E(K). If S is a Seifert surface bounded by K, we denote S ∩ E(K) by the same symbol S and if it is accidental, we say the Seifert surface S is accidental.
Fenley ([2] ) proved that there exists no accidental Seifert surface of minimal genus by using the existence of a good Reebless foliation with that surface as compact leaf ( [3] ). As its corollary, he showed that for any non-fibered hyperbolic knot, any lift of a minimal Seifert surface to the universal cover is a quasi-disk and its limit set is a quasi-circle in the sphere at infinity, by using Thurston's result ( [11] ). Thus, if a non-fibered hyperbolic knot K bounds an incompressible Seifert surface S which does not have embedded accidental peripherals, then S corresponds to a quasi-Fuchsian subgroup ( [11] ).
Here, we remark that an existence of an accidental peripheral implies an existence of an embedded accidental annulus. In fact, if S has an accidental peripheral, then Annulus theorem ( [6] ) gives an accidental peripheral with an embedded accidental annulus (Lemma 2.1).
For a non-peripheral closed incompressible surface F embedded in E(K) with an accidental annulus A, the slope of A ∩ ∂E(K) is called an accidental slope. It is known ( [1] ) that an accidental slope of a closed incompressible surface is an integer or 1/0, and it was shown that F has a unique accidental slope. Furthermore if the accidental slope is integral, its accidental annulus is unique up to isotopy ( [5] In [5] , it is conjectured that the integral accidental slope is unique for all accidental incompressible closed surfaces in E(K). By Theorem 1.3, if this conjecture is true, we can conclude that the integral accidental boundary slope is unique.
A Seifert surface S is said to be totally knotted if ∂N (S; S 3 ) is incompressible in S 3 − intN (S; S 3 ). We say that K is totally knotted if K bounds a totally knotted Seifert surface. Notice that there exists a knot which does not bound a totally knotted Seifert surface. For example, if K is a fibered knot, then for an incompressible Seifert F , S 3 − intN (F ; S 3 ) is a handlebody, so it is not totally knotted. As will be shown later, an accidental incompressible Seifert surface is totally knotted.
The remaining case for Question 1.1 is of non-minimal, totally knotted Seifert surfaces. We can show that totally knotted Seifert surfaces with some conditions are not accidental. These arguments will be given in section 3. However, there exists a satellite knot with totally knotted, non-minimal genus accidental Seifert surfaces.
Theorem 1.5 (Accidental incompressible Seifert surfaces). There exist infinitely many genus one satellite knots, each of which bounds accidental incompressible Seifert surface of arbitrarily high genus.
This theorem gives a positive answer for Question 1.1. Indeed our examples of Theorem 1.5 are satellite, namely, contain essential torus in exteriors. If the knot exterior E(K) = S 3 − intN (K) contains no essential torus, the Thurston's geometrization theorem assures that E(K) is a Seifert manifold or S 3 − K admits a complete hyperbolic structure of finite volume. It is known that for a Seifert manifold with non-empty boundary, closed incompressible surface is isotopic to a torus which is a union of fibers ( [6] ). Hence, if E(K) is a Seifert manifold, K does not bound a totally knotted Seifert surface. In section 4, we will construct a closed hyperbolic Haken 3-manifold which contains a hyperbolic knot which bounds an accidental incompressible Seifert surface. Here we give the following question. 
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Boundary slopes of essential accidental surfaces
In this section, we consider the existence of embedded accidental annulus and prove Theorem 1.3. Hereafter, all 3-manifolds are assumed to be orientable. For a surface S properly embedded in a 3-manifold M , we denote the regular neighborhood of S in M by N (S; M ), or simply N (S). We denote the frontier of N (S; M ) by ∂N (S; M ), and let intN (S; M ) denote the topological interior of N (S; M ) in M . 
and pasting a parallel copy of the free homotopy in S, we obtain a map f : 
an annulus. By applying the Annulus theorem ([6, VIII.10]) to (M , T ) we get a well-embedded Seifert pair (Σ, Φ) ⊂ (M , T ). Notice that the component (Σ , Φ ) ⊂ (Σ, Φ) which contains Im(f ) is an S
1 -pair since some component of Φ is contained in a suture which is homeomorphic to an annulus. If each component of ∂Φ is parallel to ∂S + in S + , the loop l is also parallel to ∂S + in S + . So, some component of FrΣ is an embedded accidental annulus for S + . Since S is parallel to S + in M , the embedded accidental annulus can be modified to an embedded accidental annulus for S.
A surface F properly embedded in a 3-manifold M is π 1 -essential if ∂N (F ) is incompressible and ∂-incompressible in M − intN (F ). We will deal with one-sided surfaces, so we prove the following lemma needed later.
Lemma 2.2. Let K be a non-trivial knot in S 3 , and S be a properly embedded, connected, one-sided surface in E(K). The surface S is π 1 -essential if and only if ∂N (S) is incompressible in E(K).

Proof. Suppose ∂N (S) is incompressible in E(K). If ∂N (S) is ∂-compressible in E(K), then ∂N (S) is ∂-parallel into ∂E(K) by the irreducibility of E(K) and the incompressibility of ∂N (S).
Notice that the ∂-compressing disk is in cl(E(K) − N (S)) since for a twisted I-bundle over surface, the corresponding ∂I-bundle is ∂-incompressible in the twisted I-bundle. So, ∂N (S) is an annulus parallel into ∂E(K). Thus the one-sided surface S is homeomorphic to a Möbius band and π 1 (E(K)) = π 1 (S) = Z. This means that K is trivial.
Proof of Theorem 1.3. Let S 0 be a connected π 1 -essential surface with boundary slope γ, and let A 0 be an accidental annulus for S 0 . We construct (possibly nonorientable) π 1 -essential surfaces {S i } inductively as follows. We are given a π 1 -essential surface S i and an accidental annulus A i for S i . Let B i be the closure of the component of ∂E(K) − ∂S i which contains ∂A i . We isotope the surface S i ∪ B i slightly into intE(K) and we set the resulting surface S i+1 . We put A i+1 the closure of the component of A i − S i+1 which meets ∂E(K) and we set A i the closure of the other component. We put
by the same symbols A i+1 and A i respectively.
Proof of Proposition 2.3. Suppose there exists a compressing disk
We may assume that D intersects A transversely, and assume that the number |D ∩ A| is minimal among all compressing disks for
We note that A i and A i+1 are incompressible in E(S i+1 ). Otherwise, K is trivial and S 0 must be a disk. This contradicts the accidentality of S 0 . Hence, there is no loop in D ∩ A by the minimality of |D ∩ A|.
Next, we will show that there exists no arc of D ∩A which is inessential in A. For a contradiction, suppose that there is an arc of D ∩ A which is inessential in A. Let α be an arc of D ∩ A which is outermost in A, and δ the corresponding outermost disk in A. Cutting D along α and pasting two copies of δ to them, we get two disks D 1 and D 2 properly embedded in E(S i+1 ). It follows from the essentiality of ∂D in ∂E(S i+1 ) that at least one of D 1 and D 2 is a compressing disk for ∂E(S i+1 ) in E(S i+1 ) again. We exchange D for the new compressing disk. However, |D ∩ A| strictly decreases, this contradicts the minimality of |D ∩ A|.
Therefore, all arcs of D ∩ A are essential in A. Let α be an arc of D ∩ A which is outermost in D, and δ the corresponding outermost disk in D. Since |∂S i+1 | = |∂S i |−2, we have |∂S n | = 0 or 1 for some integer n. If |∂S n | = 0, we are done. If |∂S n | = 1, the surface S n+1 = ∂N (S n ∪ N (K)) is π 1 -essential and accidental by the same argument as Proposition 2.3 since ∂N (S n ; E(K)) is π 1 -essential and accidental. This proves Theorem 1.3.
If S 0 is an accidental incompressible Seifert surface for K, by the argument in the proof of Theorem 1.3, S 1 is incompressible. Hence S 0 is totally knotted.
Non-minimal genus totally knotted Seifert surface with no accidental peripherals
In this section, we show that there exists a knot with a totally knotted Seifert surface which is non-minimal genus and has no accidental peripherals.
Theorem 3.1 (non-minimal genus totally knotted Seifert surfaces). For any positive integer n, there exists a genus one knot such that it bounds a totally knotted Seifert surface of genus n.
The outline of the proof of Theorem 3.1 is the following. First, we will construct a knot K on the boundary of a handlebody V in S 3 such that K is separating in ∂V , ∂V − K is incompressible in V , and K bounds a genus one Seifert surface in V . Next, re-embedding (V, K) into S 3 so that ∂V becomes to be incompressible in S 3 −intV , we obtain a totally knotted Seifert surface of genus n > 1 as the closure of a component of ∂V − K. This follows a version of a result in [5] . Proof of Theorem 3.1. To construct a pair (V, K) as above, let K 1 be a torus knot on the solid torus V 1 standardly embedded in S 3 and put S 1 = N (K 1 ; ∂V 1 ). Let K 2 be a pretzel knot of type (2, 1, 1, . . . , 1) , where the number of 1 is equal to n. Naturally, K 2 bounds a non-orientable surface with the first Betti number n and its regular neighborhood is a genus n handlebody, say V 2 . We regard K 2 as a non-separating loop on ∂V 2 . Then put S 2 = N (K 2 ; ∂V 2 ). For each S i , let α i be an essential arc in S i and put b i = N (α i ; S i ). It is easily proved that ∂V i − K i is incompressible in V i for i = 1, 2. Now, we perform a boundary-connected sum of V 1 and V 2 along b 1 and b 2 so that S 1 and S 2 are plumbed. Thus, we obtain a genus n + 1 handlebody V , a knot K on ∂V as the boundary of the plumbed genus one Seifert surface S 1 ∪ S 2 , and a genus n Seifert surface S for K as the union of S 1 and ∂V 2 − S 2 .
To show that ∂V − K is incompressible in V , we push int( Suppose without loss of generality that S 1 is accidental, and let A be an accidental annulus for S 1 . We may assume that N (∂A; A) ⊂ M 1 or M 2 , intA intersects S 2 transversely, and assume that |intA ∩ S 2 | is minimal up to isotopy of A. By the supposition, without loss of generality, we may assume that M 2 is ∂-irreducible and anannular. If intA ∩ M 2 = ∅, then the minimality of |intA ∩ S 2 | guarantees that M 2 contains an essential annulus, but this is a contradiction. Hence, intA is contained in M 1 . Since π 1 (S 3 ) is trivial, S must be compressible in M 1 . Let D be a compressing disk for S in M 1 , and assume that |D ∩ A| is minimal over all compressing disks. By the argument similar to the proof of Theorem 1.3, all arcs of D ∩ A are essential in A, and there exists an outermost disk δ of D which gives a ∂-compressing disk for A in M 1 . Then δ ∩ ∂M 2 is an arc in S 1 connecting K and the accidental peripheral, since K is separating in S. This shows that A is parallel to an annulus in S and contradicts the definition of A.
In section 2, we showed that an incompressible accidental Seifert surface is totally knotted. But the contrary does not hold. In fact, in the proof of Theorem 3.1, if one re-embed (V, K) into S 3 so that ∂V is incompressible and anannular in S 3 −intV , then the resulting totally knotted Seifert surfaces are not accidental by Proposition 3.3.
Accidental totally knotted Seifert surface
In this section, we prove Theorem 1.5 by constructing infinitely many knots in S 3 of distinct types with accidental incompressible Seifert surfaces. Also we construct a closed hyperbolic Haken 3-manifold which contains a hyperbolic knot which bounds an accidental incompressible Seifert surface.
Proof of Theorem 1.5. Let V be a solid torus and K be the knot in V as shown in Figure 1 , and S 0 be the genus one Seifert surface spanned by K in V .
Let K 0 be a composite knot in S 3 , and for any integer n > 0, let A 0 , A 1 , · · · , A n be mutually parallel essential annuli in E(K 0 ) coming from the decomposing sphere of the composite knot K 0 . There exists an annulus A in V such that ∂A = l 0 ∪ l 1 and A ∩ S 0 = l 0 where l 0 is a non-separating curve in S 0 and l 1 is the boundary of a meridian disk of V . Let N be a regular neighbourhood of
which is homeomorphic to a product S * ×I where S * is a closed surface with χ(S * ) = 2χ(S 0 ) and S * ×{1} ⊂ intV . Set S i = S * ×{i/n} for 1 ≤ i ≤ n. After "∂-annulus-compressions" along A, we get surfaces S n , S n−1 , · · · , S 0 (see Figure 2) . We remark K is a non-trivial knot, and each S i is not homeomorphic to an annulus. 
on the side not containing ∂D and the sphere D ∪ E bounds a 3-ball C on the side not containing D. The solid torus C ∪ N is a ∂-parallelism for S , this is a contradiction and this proves our first claim.
Next, we show that S i is incompressible. Since S 0 is a genus one Seifert surface and K is non-trivial, it is incompressible. Put We embed V in S 3 so that V = N (K 0 ) and Figure 2) . We let K be the image of K .
Figure 2
The surface S = ∪ n i=0 A i ∪ S i is an orientable Seifert surface for K of genus 2n, and has an accidental peripheral. By Proposition 4.1, the Seifert surface S is incompressible in E(K).
By Proposition 4.1, we have the wrapping number w V (K ) = 2 where the wrapping number w V (K ) is defined to be the geometric intersection number of K with a meridian disk in V . So, by twisting the knot K along the loop l 1 in the solid torus V , one can produce infinitely many knots of distinct types, by [7, Theorem 2.1] . This completes the proof. Remark 4.2. In [8] and [4] , genus one knots with arbitrarily high genus Seifert surface are given. In particular, the knot Gustafson([4] ) constructed is simple. Proof. Our construction is similar to Mosher's in [9] . Let F be a compact orientable surface genus greater than one with one boundary component, and let F be a compact orientable surface genus greater than one with two boundary components. Let T be a solid torus and l 1 , l 2 , l 3 , l 4 ⊂ ∂T be mutually disjoint simple closed curves parallel to the core of T so that l 2 is contained in one of the component of ∂T − (l 1 ∪ l 3 ) and l 4 is contained in the other component. Set N 1 = N 3 = F × I, N 2 = F × I. We attach N 1 and N 3 to ∂T so that ∂F × I = N (l i ; ∂T ) for i = 1, 3, and we attach N 2 to N (l 2 ∪ l 4 ; ∂T ). We require that the resulting manifold M 0 be orientable. Now M 0 is an irreducible, ∂-irreducible, atoroidal 3-manifold with two boundary components ∂ − M 0 and ∂ + M 0 . By gluing ∂ − M 0 to ∂ + M 0 in a certain way (see [9, pp. 232 -233]), we get a closed hyperbolic Haken 3-manifold M .
Let K be the core of T . Let A be an annulus connecting K and l 2 and let A be an annulus connecting l 3 and l 4 in T such that A ∩ A = ∅. Let S be a surface bounded by l 2 and l 4 in N 2 , and let S be a surface bounded by l 3 in N 3 (which are base spaces of I-bundles). Now it follows that M − K contains no essential torus by a similar argument to the proof of [ N 2 ∪ N 3 ) − B which is an I-bundle over a closed surface, a ∂-irreducible 3-manifold. Hence ∂D bounds a disk E in ∂M 1 such that E does not contains K since K is non-trivial. This means that D is not a compressing disk for B.
Appendix. A
After we revised this paper, the second author could construct infinitely many simple knots each of which bounds arbitrarily high genus accidental incompressible Seifert surfaces ( [10] ). This result gives the positive answer for Question 1.6.
